An extension of Kodaira's embedding theorem is proved for compact smoothly foliated manifolds with complex leaves. Existence of a leafwise positive line bundle is shown to be sufficient for C k projective embeddability for all k < ∞.
Introduction
A well known embedding theorem of Kodaira [K] says that every positive line bundle over a compact complex manifold is ample. Inspired by Matsushima's work [M] on the embedding of certain nonalgebraic tori by partially holomorphic maps, we would like to extend Kodaira's work to manifolds with partial complex structures as a continuation of [O-2] .
For that, we shall focus our attention on an abstract question of embedding foliated manifolds with complex leaves into projective space.
Let M be a paracompact C ∞ manifold of dimension 2n+r (n, r ∈ N) equipped with a 2n-dimensional foliation F such that the tangent bundle TF of F has a complex structure J ∈ End TF (J 2 = −id) which induces integrable almost complex structures on the leaves of F. Then F will be called an n-dimensional complex foliation on M . Given such a pair (M, F) , one may consider C k complex vector bundles over M whose transition functions are holomorphic along the leaves of F. They will be called tangentially holomorphic vector bundles over (M, F) , or simply over M . Given a tangentially holomorphic vector bundle E over (M, F) , a section s of E is called tangentially holomorphic if the restrictions of s to the leaves of F are holomorphic. As usual, vector bundles of rank one are called line bundles.
Let L → M be a tangentially holomorphic C ∞ line bundle equipped with a C ∞ fiber metric h, let D h be a connection on L compatible with h and with complex structures of the leaves of F, and let Θ h be the curvature form of h.
Recall that Θ h is a 2-form on M satisfying D 2 h s = Θ h s for any C 2 section s of L.
We say that (L, h) is F-positive if the restriction of √ −1 Θ h to the leaves of F is everywhere positive as a real (1, 1)-form.
The purpose of the present work is to establish the following.
Theorem 0.1. Let M be a connected and compact C ∞ manifold equipped with a complex foliation F, and let (L, h) be an F-positive line bundle over M . Then, for any nonnegative integer k, there exists a positive integer m 0 such that, for any
It should be noted that a statement essentially equivalent to Theorem 0.1 was stated in [O-S] to be an application of a vanishing theorem of Kodaira type on Levi flat CR manifolds. The proof given there relies implicitly on the statement that the transverse regularity of the inverse of the tangential Laplacian is a consequence of a certain a priori estimate. However, it is hard to pinpoint an appropriate reference for that. Accordingly, our method in this article will be based on a completely different principle. The idea is to exploit the curvature condition to produce local solutions to the tangential Cauchy-Riemann equation with a good control of regularity and obtain a global solution by patching them together with the aid of successive approximations. This method was used by G. Tian [T] for the Cauchy-Riemann equation. It might be of interest that the method is robust under the addition of extra parameters. §1. Local theory
We shall prepare a lemma on the parameter dependence of the canonical L 2 solutions of inhomogeneous Cauchy-Riemann equations in the local setting. It will eventually guarantee the existence of solutions of global tangential CauchyRiemann equations with values in sufficiently high tensor powers of a given Fpositive line bundle. The material presented here originates in [D-O] .
The lemma will be formulated for (0, q)-forms although only the case of (0, 1)-forms is needed afterwards. However, the general form may be useful for other purposes.
Let D be a pseudoconvex domain in C n and let U ⊂ R r be any convex domain. The coordinates of C n and R r will be denoted by z = (z 1 , . . . , z n ) and t = (t 1 , . . . , t r ), respectively. We shall consider a family v t of C ∞ (0, q)-forms on D depending smoothly on the parameter t ∈ U , 
We denote by ∂ the complex exterior differentiation of type (0, 1). The same symbol ∂ will also stand for the operator from
Let us recall a basic result of Hörmander.
let ψ be plurisubharmonic in D and let κ be a real-valued continuous function such that the difference n j,k=1
is a positive measure for arbitrary complex numbers
Here dλ denotes the Lebesgue measure on C n .
Once for all we fix a
(2),t (D) the completion of the space C 0,q 0 (D) with respect to the inner product
t . By an abuse of notation, ∂ will also stand for the closed operator from L
From Theorem 1.1, it is easy to deduce the following. Proposition 1.1. Assume that D is bounded and that ϕ(z, t) − m|z| 2 is plurisubharmonic in z for some m > 0. Then there exists a constant C, independent of ϕ, t and m, such that, for any
Proof. By Theorem 1.1, there exists a constant C, independent of ϕ, t and m, such that, for any
is closed for such C, and, for any
The desired conclusion follows from this and the orthogonal decomposition
Let D, ϕ, m and C be as in Proposition 1.1. Given any
Ker ∂, q > 0, satisfying sup t∈U v t t < ∞, we then have a uniquely defined family
, by Theorem 1.1. Lemma 1.1. Let v t and u t be as above. Suppose moreover that
Then, for any t, t 0 ∈ U and f ∈ L 0,q−1
Proof. By Proposition 1.1,
On the other hand,
we obtain (1.1).
Since Proposition 1.1 similarly implies that √ m u t − u t0 t ≤ C |t − t 0 | with a constant C independent of m, we infer from (1.3) that
Hence (u t , f ) t is of class C 1 on U .
Then we note that the conditions
, imply that u t is equicontinuous as a family of (0, q)-forms on every compact subset of D. Since (u t , f ) t is continuous for any f , the equicontinuity of u t must imply the continuity of u t on D × U . Otherwise (u t , f ) t would not be continuous for some f . Similarly, since (
Moreover, from the equation
which holds whenever f is compactly supported, and from the estimate (1.1), it is easy to see that
Hence u t is C 2 on D × U , provided that the derivatives of ϕ and ∂ϕ up to the second order are bounded on D ×U and those of v t are square integrable uniformly in t. Hence, taking into account the dependence of the estimates on m as in (1.1), we obtain the following by induction.
Proposition 1.2. Let v t and u t be as before. Suppose moreover that ∇ i t v t are square integrable for 0 ≤ i ≤ k and that |∇ j t ϕ| are |∇ j t ∂ϕ| are bounded by a constant
Here ∇ t denotes the gradient in t with respect to the coordinates (z, t), and C (k) is independent of m. Then u t is of class C k on D × U .
Moreover there exists a constant C k , depending on C (k) but not on m, such that
where
We need later an elementary observation on the modified norms (1.9) w t,k = 
Note that Proposition 1.2 holds for the norms t,k , with the same constant C k , independently of the choice of c j (1 ≤ j ≤ k).
For simplicity, we assume that D and U are bounded domains, and ϕ and b are defined on a neighbourhood of the closure D × U of D × U . Lemma 1.2. In the above situation, let l ∈ N and let b µ (z, t) (µ = 1, . . . , l) be nowhere vanishing C ∞ functions on D × U . Then, for any k ∈ N, there exists c > 0 such that, for any elements v µ,t (µ = 1, . . . , l) of C 0,q (D × U ) which are smoothly extendable to a neighbourhood of D × U , the estimate
holds for c j = c −j (j = 0, 1, . . . , k).
The proof is straightforward and may well be left to the reader. §2. Proof of Theorem 0.1 F) and (L, h) be as in the assumption. Let x ∈ M be any point, let ρ > 0, and let B be a neighbourhood of x on which local coordinates (z, t) = (z 1 , . . . , z n , t 1 , . . . , t r ) are defined in such a way that x is mapped by (z, t) to (0, 0), and B is mapped onto
holomorphically in z with Xt = 0 for any X ∈ T F. Shrinking B if necessary, we may assume that there exists a nowhere vanishing C ∞ tangentially holomorphic section of L over B, say s.
For any section σ of L, let |σ| h denote the length of σ with respect to h, and let γ be the real-valued C ∞ function on B defined by
be the Taylor expansion of γ around x. Replacing s by
we may assume that (2.1) is of the form
Further, since (L, h) is F-positive, (b ij (t)) is everywhere positive definite. Therefore, by a coordinate change, we may assume that
where the original radius ρ should be replaced by a possibly smaller positive number, say ρ . If (2.3) is satisfied, we shall say that s is a distinguished coordinate (associated to ρ ). The constant ρ will be referred to as a distinguished radius.
Moreover we put in this situation
Then, in view of Proposition 1.2 and a remark after it, we infer from (2.3) the following. (See also [Dm, p. 270, Proposition 12.10] .) Sublemma 2.1. For any k ∈ N and c ≥ 1, there exists a constant C [k] such that, for any m ∈ N and for any
For each distinguished coordinate (z x , t x ), we shall denote by I m,x and J m,x the neighbourhoods of x that are identified with D m × U 3/2 and D 2m × U 2 , respectively.
It is clear that, for any point x 0 ∈ M , there exists a neighbourhood V x 0 such that one has a C ∞ family of distinguished frames and associated distinguished coordinates around x ∈ V , parametrized by x ∈ V . Hence, since M is compact, we have the following.
Sublemma 2.2. There exist ν ∈ N and C : N → (0, ∞) such that, for any k, m ∈ N one can find N ∈ N, x m1 , . . . , x mN ∈ M and distinguished coordinates (z (mα) , t (mα) ) (1 ≤ α ≤ N ) around x mα , with distinguished radius ρ 0 independent of m, such that
In the above situation, we shall call
With these preparations, we construct tangentially holomorphic C k sections of L m as follows.
Let x ∈ M be any point, let s be a distinguished frame and let (z, t) be distinguished coordinates around x associated to s. Given any C ∞ tangentially holomorphic function on I m,x , we are going to show that there exist, for any k ∈ N and for any m k, a tangentially holomorphic
For that, we first fix (k, m)-filamental coverings {J m,xmα } 1≤α≤N (m) (m ∈ N) of M with x m1 = x for all m. Let s mα be the associated distinguished frames around x mα such that s m1 = s for all m.
Let X : R → R be a nonnegative C ∞ function satisfying X (t) = 1 on (−∞, 1]
and supp X ∩ [2, ∞) = ∅. We put
By extending X mα as 0 outside the set {|z (mα) | < ρ 0 , |t (mα) | < 1}, we obtain C ∞ functions X mα on M . Then we put
The system η mα is then a C ∞ partition of unity satisfying supp η mα ⊂ I m,xmα .
We put Obviously, one may choose the frames s mα and coordinates (z (mα) , t (mα) ) in such a way that, for any fixed k, there exist ε k > 0 and m 0 such that, for any m > m 0 , (2.9)
. From now on, c j will be chosen in that way.
By Sublemma 2.1, one can find u mα ∈ C 0,0 (J m,xmα ) satisfying ∂u mα = v mα on J m,xmα and (2.10)
We put
Since ∂η mα is at most of order m 1/3 , we obtain, in view of Lemma 1.2 and the strong ellipticity of the Laplacian along F, the estimates
on replacing ε k by a smaller number if necessary.
Combining (2.12) with (2.9) and (2.10), we obtain (2.13)
for some constant C k independent of m.
Therefore, for any k, by choosing m sufficiently large and ε k sufficiently small, we have, in view of (2.10) and (2.11),
Hence one can repeat this procedure, with a fixed choice of ε k , to obtain for m 1 a system of infinite series
In particular, we obtain from (2.18) the C k differentiability of ∞ κ=0 u mα,κ . Moreover, by (2.9), (2.3) and Cauchy's estimate along F, we have Similarly, for any two distinct points x and y of M , one can find tangentially holomorphic
Thus, by the usual compactness argument, one can find tangentially holo-
§3. Notes and remarks
Since every C k -embeddable complex-foliated manifold (M, F) admits a C k Fpositive line bundle (e.g. the restriction of the hyperplane section bundle) if k ≥ 2, it is obvious from the proof of Theorem 0.1 that the following refined statement is also true. 
